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Abstract

Hyperbranched polymers obtained by the polymerization of AB,-type monomer with a substitution effect on the B, groups were studied by
means of the kinetic model. In this polymerization with the substitution effect, if one of the B, group reacts first, the reactivity of the
remaining unreacted B group will be changed. The profiles of the degree of polymerization, polydispersity, degree of branching, and
structural units of the hyperbranched polymers with the conversions were all calculated by the generating function method. It is shown that
the weight-average degree of polymerization and the degree of branching of the hyperbranched polymers having substitution effect differ
from that with equal reactivity of the B, groups. If the substitution effect causes an increase in the rate constant after one of the B, groups has
reacted, a broader molecular weight distribution and a higher degree of branching are observed. © 2002 Elsevier Science Ltd. All rights
reserved.
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1. Introduction

Hyperbranched polymers can be synthesized by a simple
one-pot polymerization, e.g. polycondensation of AB,-type
monomers with or without AB monomers, where x is greater
than or equal to two [1-7]; self-condensing vinyl
polymerization [8]; and radical alternating copolymeriza-
tion [9]. In addition, a large variety of monomers with
different functional groups are available [10-12]. In
contrast to dendrimers with a perfectly regular structure,
hyperbranched polymers contain randomly branched and
some linear structures. It is important to develop adequate
theoretical models to understand the dependence of the
molecular weight, polydispersity index (PDI) and degree of
branching on polymerization condition, and to construct the
formation-structure—property relationships of these novel
polymers [13,14].

With the help of statistical theories, Stockmayer [15,16],
Flory [17,18] and Gordon et al. [19-21] derived the basic
relations between the structure formation, such as molecular
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weight of polymers, and the extents of reaction for non-
linear polymerizations. Moreover, Frey and coworkers, and
Moller et al. showed that the degree of branching, a very
important structural parameter in characterizing the hyper-
branched polymers, can be calculated by the statistical
model for the polycondensation of AB, monomer and the
copolymerization of two monomers AB, with AB,, [22-25].
In addition, a kinetic model of the polycondensation of AB,-
type monomer with B; cores has been established to
examine the molecular weight distribution (MWD) of
hyperbranched polymers [26—28]. In the previous study,
we also adopted a kinetic model to investigate the effects of
different amounts of cores with various reactivities on the
molecular weight and the degree of branching during the
polymerization [29].

Most theoretical models for polymerization of AB,
monomer are base on the assumption that all functional
groups of the same type are equally reactive, and react
independently of one another. In other words, all the B
groups in the AB, monomer have the same reactivity. Yet,
the equal reactivity is questioned if the substitution effect is
taken into account owing to the steric effects or other
reasons [30,31]. Therefore, in a polymerization with a
substitution effect, the reactivity of unreacted groups
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depends on the number of already reacted on the same unit.
In the literature, the effects of the different reactivities on the
microstructures of hyperbranched polymers were examined
by Monte Carlo simulations [32,33]. Although the computer
simulation can provide detailed information of the micro-
structures, the results determined by the finite simulation
system may be different from that by an infinite system.

In this work, we extend the generating function method
[34-38], based on the kinetic theory, to the polymerization
of AB, monomer with the substitution effect. This kinetic
model is adopted to examine the effects of reactivity ratio on
the average degree of polymerization, polydispersity,
degree of branching, and structural units of the hyper-
branched polymers.

2. Kinetic model of polymerization of AB, with
substitution effect

A polycondensation system is considered with an AB,
monomer, which contains one reactive A group and two
reactive B groups. The two B groups are equally reactive
until one of them reacts, by which the substitution effect
results in the change of the reactivity of the unreacted B
group, and denoted as B’. The substitution effect caused by
the A group is not taken into account in this study. The
effects of intramolecular reactions on the structure par-
ameters of the hyperbranched polymers are also important
for several cases discussed before [39,40]. However, in this
study, we focus on the substitution effect, and assume that
the reaction is bimolecular, and there are no cyclization
occurs during polymerization; then every molecule is
treelike, and contains one unreacted A group and many
unreacted B and B’ groups. Either B or B’ groups can react
with an A group on the other molecule but in different rate
constants.

A+B, ¥atBb (1)
kynr
A+BbBa+b, )

where kap and kap' are the reaction rate constants, and a,
B'b, and b, represent the reaction products of A, B,, and B'b,
respectively.

The reactions between various structural units (not
functional groups or molecules) can be written in the
following kinetic scheme

’

B B
A< +tA< —H>A<
B B b-a—<

G() + G(1) 2 G2) + G3)

BI

B B
~a—<_+tA< —>~a< B
B B b—a—<B

G3) + G(1) ¥ G@4) + G3)

b~ B’
> A=< b~
B’ b-a—<

B
A< +A—<
B ’
B

G(1) + GQ2) 2 G2) + G@4)

b~ B’
—>~a< b~
B’ b-a—<

B
~a—<_+tA—<
B ’
B

G(3) + G(2) ¥ G4) + G4)

b~ B’
> A< b~
b~ b—a—<b

B
A< +A—<
B

G(1) + G(6) ¥ G(2) + G(5)

B b~ B’
~a—<_+tA<  —>~a—=< b~
B b~ b-a—<

G(3) + G(6) 2 G(4) + G(5)

A—< +tA< —S>A<
B B

’

b-a—<

W ™

G(2) + G(1) y G(6) + G(3)

b~ B b~
~a—<_, +A—<B—>~a—<

B
b-a—<
B

G4) + G(1) y G(5) +G@3)

b~ b~ b~
A=< +A < —->A< b~
B b-a—<

’

G(22) +G(2) Gy G(6) + G4)

b~ b~ b~
~a—< +A < —>~a—< b~
B’ B’

G@) + GQ2) ™ G(5) + G(4)



K.-C. Cheng et al. / Polymer 43 (2002) 6315-6322 6317

Table 1
The parameters of b; and k;

bll blz b13 b14 kl 7] -1 1 2 3 ZkAB-
by byp by by Kk 3 1 4 3 2k
by by by by ks 1 2 2 4 2kup
by by by by kg 32 4 4 2kup
bSl b52 b53 b54 k5 1 6 2 5 ZkAB
bet  bey bz bes ke 3 6 4 5 2k
by b by by K 2 1 6 3 kw
bSI b82 b83 1734 ks 4 1 5 3 kAB’
byt by bz Doy kg 2.2 6 4 kw
bio1 b2 bus bwa ki 4 2 5 4 ky
byt bua bus bua ki 2.6 6 5 k
| b1 biay bins by k] L4 6 5 5 kap
b~ b~ b~
A< | +A< > A=< b~
B b~ b-a—<
b~
Kapr
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The corresponding parameters, b; and k;, are shown in

Table 1, and
p - kAB’/kAB (4)

in which p is assumed to be a constant and independent of
the extent of reaction. Furthermore, a vector E is defined to
characterize the molecule (E)

E = (61962’ 63,64,35,66,6“,) (5)

where e; represents the number of structural units G(J)
on a molecule (E), and e,,, equal to ey, is the molecular
weight of the molecule (E). For example, E =
(1,0,0,0,0,0, W(AB,)) denotes monomer AB,, and
W(AB,) is the molecular weight of this monomer; the
molecule AB’b-aB, formed by combining two AB,
monomers can be specified by E =(0,1,1,0,0,0,2W(
AB,)), in the case of there are no condensates produced
during the polymerization.

According to the mean-field theory, the effects of
configuration and conformation are not considered in the
calculation. Assuming that all reactions are chemically
controlled, and there are no intramolecular reactions [13,
18], the reactions between molecules are

ki

(EY+(E"YS(E+E'+L) i=1,2,..,12 (6)

where (E' + E" + L;) is the molecule formed by combining
(E'Y with (E") in the ith reaction, and

Li = (11,127-“916’())

ly = =0y, J) — b, J) + 8(bj3, J) + by, J), ™)
J=12,...,6

in which &6(b
(b
8(b

i) is Kronecker delta; that is
=1, forb,-j =J

J)=0, for bij #J

ij>
ij>

For example, a monomer AB, reacts with another dimer
AB' b-aB, as follows
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Fig. 1. Weight-average degree of polymerization versus reaction time for
the systems with various rate constant ratios, p.

E"=(0,1,1,0,0,0,2W(AB,))

Ly =(—1,0,0,1,0,0,0)

E+E' +L,=(0,1,1,1,0,0,3W(AB,))
ky = 2kapg

Furthermore, a dimensionless number fraction, [E], the
ratio of the reaction rate constant, k;, and a scaled time, T,
are defined

[E] = N(E)/N, (8)
K; = (kilko)(Vo/ V) 9)
T = tko(No/Vo) (10)

where N(E) is the number of isomers of the molecule (E); V
is the volume of the reaction system; Ny, ko, and V, are the
arbitrary reference number, rate constant, and volume,
respectively, and ¢ is the reaction time.

If the change of the reaction volume is negligible; then
according to Eq. (6), the rate equation of the isomers can be
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Fig. 2. Weight-average degree of polymerization versus conversion of
A groups for the systems with various rate constant ratios, p.

written as

d[E] 12

=2k > (ENE k)
T =1 Up+etL=£

—[Elpy > [E"Ipl — [Elpn Y. [E”’]pi-’{} (1)

all E"” all E"

where > . denotes the sum over all possible values of
vector E, and p;; = ¢; for b;; = J. The one positive and two
negative terms on the right side of Eq. (11) give the total
rates of appearance and disappearance of the isomer (E),
respectively. Eq. (11) cannot be solved directly, but it can be
transformed into finite ordinary differential equations using
a generating function [29,34-38]. The profiles of the
average molecular weights of polymers and the fractions
of the structural units, G(/), can be calculated from the
generating function; the relevant algorithm is described in
Appendix A.

3. Results and discussion

Figs. 1 and 2 show the profiles of the weight-average
degree of polymerization, DP,,, at different values of p, the
rate constant ratio of the kap’ to kag. The weight-average
degree of polymerization of the system with the higher
value of p was found to increase more quickly than that with
the lower one. All the DP,, curves tend to approach infinity
at the complete conversion of A groups.

In the stepwise polymerization of AB, monomer, the
relationship between the number-average degree of poly-
merization and the conversion of A group can be described
as follows

- initial number of monomers

h =

total number of molecules during polymerization

_ No(ABy) _
No(AB,) — No(AB)a(A) I — a(h)

12)

where Ny(AB,) is the initial number of AB, monomer; and
a(A) is the conversion of A group. Obviously, as calculated
by either Eq. (12) or the generating function method, the
substitution effect does not influence the profiles of the
number-average degree of polymerization.

If there is an increase in the rate constant after one of the
B, groups has reacted, the rate constant ratio, p, is greater
than one. As a result, the linear unit with group B’ reacts
readily with another molecule, and forms an effective
branching point and consequently a larger molecule.
Because the larger molecule contains a higher number of
the unreacted groups B or B, it is easy to combine two large
molecules into even larger one, and this causes a broad
MWD of the hyperbranched polymers during polymeriz-
ation as indicated in Fig. 3. In the extreme case that p equals
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Fig. 3. PDI versus conversion of A groups for the systems with various rate
constant ratios, p.

zero, no dendritic structures can be formed, and the PDI of
this linear stepwise polymerization is 1 + a(A). Therefore,
it converges to be two at the complete conversion [18]. The
PDI calculated by this kinetic model is higher than that
simulated using the Monte Carlo method, which considered
the bonded and non-bonded interactions between the
segments in the finite cubic with 1000 monomers or repeat
units [32].

The structure forms of the linear and dentritic units

b ~
are ~a-—< and ~a—<

’ >

the substitution effects on the changes in the number of linear
(NL) and dendritic units (ND) and the number of terminal units
exclusive of monomers (NT') with conversion, respectively.
Both NL and ND increase with conversion. With a higher
value of p, there is an increase in the opportunity of the

respectively. Figs. 4—6 show

reaction between the A group and linear ~a—< _, unit.

Consequently, ND value increases, whereas NL decreases.
Furthermore, as the value of p decreases, the consumption
rate of the monomer during polymerization increases, since
the monomer having two unreacted B groups can readily react
with another molecule (see Fig. 7).

1.0

[NL]

“o0 o2 04 06 08 10
conversion of A groups

Fig. 4. Dependence of the number of linear units on conversion at various
rate constant ratios, p ([NL] = NL/the initial number of A groups).
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Fig. 5. Dependence of the number of dendritic units on conversion at
various rate constant ratios, p ((ND] = ND/the initial number of A groups).

The degree of branching, DB, is a very important
structural parameter in characterizing the hyperbranched
polymers. Hawker and Frechet defined the degree of
branching [13]

_ ND + NT
" total number of units

13)

where NT is the number of terminal units including

B B
monomer, ~a—<B and A—<B. The DB defined above

is generally overestimated for small molecules, for example,
according to Eq. (13), the DB of AB, monomer always takes
the highest value of one. Consequently, Holter and Frey [22]
suggested a modified degree of branching, DB(HF), which
is based on the actual number over the maximum possible
number of dendritic units. Another parameter, the average
number of branches (ANB) is defined as the deviation from
the linear direction per non-terminal unit [23]. The definitions
of the DB(HF) and ANB for the polymerization of AB,
monomers are given by the following equations:

2ND G(5)

DB(HF) = = (14)
IND+NL  G(5) + 0.5G(4)
0.5
= P
04 - —— 10
—_
T —w— o1
03f —X— 0
INTT ¢ =2
0.2 [~ %\v
- X\‘\
01 - X
X,
OO 1 I 1 I 141 1 I 1 %
0.0 0.2 04 06 0.8 10

conversion of A groups

Fig. 6. Dependence of the number of terminal units exclusive of monomers
on conversion at various rate constant ratios, p ([NT'] = NT'/the initial
number of A groups).
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Fig. 7. Dependence of the number of monomers on conversion at various
rate constant ratios, p ({AB,] = the number of monomers/the initial number
of A groups).

ND G(5)

ANB = =
ND+NL  G(5)+ GH4)

(15)

Muller and Yan [26] also suggested the use of the fraction of
branch points, FB, to characterize the hyperbranched
polymers.

_ ND

B (total number of units) — (number of monomers)

B G(5)
~ G(2)+ G@3) + G@) + G(5) + G(6)

(16)

From the equations mentioned above, the increase of the
degree of branching, DB(HF), with conversion can be
calculated from the numbers of the linear and dendritic
units, and the results are shown in Fig. 8. The significance of
the substitution effect on the degree of branching of the
hyperbranched polymers is further shown in Fig. 9. When

DB(H.F.)

00 02 04 06 08 10
conversion of A groups

Fig. 8. Dependence of the degree of branching of the hyperbranched
polymers on conversion at various rate constant ratios, p.
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p

Fig. 9. Dependence of the final DB(HF), ANB, and FB of the
hyperbranched polymers on the reactivity ratio, p.

the system has a p value less than one, the growth of the
dendritic units is retarded, and consequently the degree of
branching at full conversion is lower than that without the
substitution effect (p = 1). On the other hand, the formation
of the dendritic units becomes more favor for the system
with a higher rate constant ratio, and the final degree of
branching increases with an increase of the p value.

4. Conclusion

This work has extended the generating function method
to elucidate the growth of hyperbranched polymers formed
by the polymerization of an AB, monomer. Use of this
kinetic model revealed that the substitution effect causes
different profiles of the weight-average degree of polym-
erization and the degree of branching of the hyperbranched
polymers when compared to the case of equal reactivity for
the two B, groups. When the substitution effect causes an
increase in the rate constant after one of the B, groups has
reacted during polymerization, a broader MWD and a
higher degree of branching of the hyperbranched polymer
are observed.
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Appendix A. Generating function method

The generating function method is applied to obtain
the relationship between the average molecular weight
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and the reaction time. First, a generating function H, is
defined

n+1
H(T, @) =1 2..001) = . (l_[ wj")[E] (A1)

all E \j=1

where w; is a dummy variable, and H is a function of 7
and ;.

Eq. (11) can be multiplied by > ([T @) and
summed over E to yield,

oH &
— = > Ki(H, Hy,xixis — xn Hy Hip —

ar xpH, H;)) (A2)
=1

where m = 12, and n = 6 in this study, and

Xij = wy forb; =1J

_ oH

i 0X ij

Hy = Hy (@ =12, = 1)

that is, if G(b;) = G(J),

bij =J

xij = wy

oH  oH
ax; e, ¥

Hj=H, (o) g=12,.0+) = 1) =H;

By setting all dummy variables, @, 4=15.. .41y to 1, Eq.
(A2) can be written as

oH" L
—— = D Ki(—H;Hy) (A3)
T =1

where H* = H(w, (4—15,. n+1) = 1). Furthermore, the par-
tial derivatives of H along w, (=12, .+1) =1 can be
obtained by differentiating Eq. (A2) with respect to w,, or
to both w, and w,

oH - 0xXpnXyy  0X; X
o7~ Y k(T - - )
TS o, o, w, (Ad)

(0g (4=12..041) = 1)

oH, i
a,;.’s = Z kQI:Hi]JI-IiZ.x + Hi],SHiZJ + (Hil.rHiz
i=1

0X;3X; OXinXs
+Hy Hp )| =22 | + (Hyy Hi + HyHp )| —2-2
dw; dw,

8% x3x; 0x; ox;
+HH)| 22 = L Hy + 2 Hy, |H;
0w, 0wy dw, dw,

Bxl- ax,-
_( aw2 Hp, + wzHiZ,r)Hi ] (0 (g=12,.041) = 1)
(AS)
where
oH
r = a—wr(wq =12ty = 1
9°H
Hr,x = I_Is,r = W(a}q (g=1,2,...,n+1) = 1)
a°H
Hi‘,r = Hr,i‘ = (o (g=1,2,...n+1) — D
7k iy axijawr q \q
9°H
ij,s S,ij axija w, (wq (g=12,....,n+1) )
and the initial conditions are
H'(r=0)= > [E], (A6)
all E
Hi(r=0)= Y ¢lEl (A7)
all E
Hi(1=0)=> eelEl, forr#s (A8)
all E
H; (1=0)= > e(e, — DIE], (A9)
all E
[E]y = [El(T=0) (A10)

This set of ordinary differential equations, Eqgs. (A3)—(AS),
dependent on variable 7, can be solved by the Runge-Kutta
method to determine H*(7), H,(7), and H, (7). The ath
moment of the MWD is defined as

_ (M a
M= () 3w (Al1)

all E

where Nt is the total number of molecules in the reaction
system, and W(E) is the molecular weight of isomer, (E).
The zeroth, first, and second moment of MWD can be
calculated using the generating function:

NO *
My=\|—|H Al2
0 (Nr) (A12)
N,
M, = (ij)HnH (A13)
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N
My = (32 ) Enes + Hoi) (A1)
T

The number average and weight average molecular weights,
M, and M,,, are obtained:

M

M, ==L (A15)
M,

_ M

i, = 22 (A16)
M,

The conversion of G(J) units can also be calculated as
Conversion of G(J) = 1 — N(G(J))/Ny(G(J)))

=1- Y ¢lEl=1-H, (A17)
all E

where No(G(J)) = N(G(J)) at 7= 0.

The relationships among the average molecular weight,
conversion, and reaction time can be calculated by the
following algorithm:

1. Calculate the initial conditions, H*(0), H,(0), and H, ((0),
from the concentrations of the reactants at 7=0,
according to Egs. (A6)—(A10).

2. Set T+ 7+ AT, where A7 is the specified step time.

3. Solve the set of ODEs, Eqs. (A3)—(AS), and obtain the
values of H"(7), H,(7), and H, ((7), by the Runge-Kutta
method or other solvers.

4. Calculate the average molecular weights and conversions
according to Egs. (A15)—(A17).

5. Repeat procedures 2—4 until the specified time has
reached.
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